Paramagnetic pair breaking is believed to be of increasing importance in many layered superconducting materials such as cuprates and organic compounds. Recently, strong evidence for a phase transition to the Fulde-FerrellLarkin-Ovchinnikov(FFLO) state has been obtained for the first time. We present a new theory of competing spin and orbital pair breaking in clean superconducting films or layers. As a general result, we find that the influence of orbital pair breaking on the paramagnetically limited phase boundary is rather strong, and its neglect seldom justified. This is particularly true for the FFLO state which can be destroyed by a very small orbital contribution.
I. INTRODUCTION
Most theoretical studies of paramagnetic pair breaking in superconductors followed the attitude of the classical papers by Clogston 1 and Chandrasekhar 2 where only spin pair breaking was considered and the orbital component was assumed to be negligibly small. A notable exception is the dirty limit theory developed by Maki 3 , Fulde 4 and others. In many experiments, on the other hand, both pair breaking components are present and the neglect of the orbital contribution is not really justified. Recently, ultra-thin films became available and several new classes of layered superconducting compounds have been discovered. For applied field parallel to the films 5 or conducting planes 6 , Pauli paramagnetism can be the dominating pair breaking effect, provided the conducting layers are sufficiently separated from each other or the thickness of the films is sufficiently small. In many of these compounds, including
High-T c cuprates and organic superconductors, impurity scattering and spin-orbit coupling is small and orbital pair breaking is -for an applied field parallel to the planes -the most important second order effect, next to the spin effect, to be taken into account.
Of particular interest is the Fulde-Ferrell-Larkin-Ovchinnikov(FFLO) state 7, 8 , which is a spatially inhomogeneous superconducting state, predicted to occur in clean superconductors with purely paramagnetic limiting. Recent critical field measurements 9 in the quasi-twodimensional organic superconductor κ − (BEDT-TTF) 2 Cu(NCS) 2 strongly suggest that a state of the FFLO type exists in this material; agreement between experiment 9 and existing theories has been successfully checked 10 both in view of the angle-dependence 11 and the temperature dependence 12 of the upper critical field (see also 13 ). Apparently, this is the first time since the original predictions in 1964 7, 8 that quantitative agreement between theory and experiment with regard to the FFLO phase boundary has been established. Strong paramagnetic effects can also be expected for the High-T c cuprate superconductors at low temperatures, when the conducting planes in adjacent unit cells are well separated from each other. A measurement 6, 14 at T = 1.6 K in YBa 2 Cu 3 O 7 indicates rather clearly that the superconducting state is paramagnetically limited but, on the other hand, the observed transition is too broad to allow a decision between the FFLO state and the homogeneous superconducting state.
A measure of the relative strength of orbital and paramagnetic pair breaking is the ratio of the paramagnetic critical field H p divided by the orbital upper critical field H c2 of a type II superconductor. For a bulk superconductor in the clean limit this ratio can be written as
in terms of the Fermi wavelength k F and the coherence length ξ 0 of BCS theory.
This relation implies that orbital pair breaking will always be the dominating mechanism in bulk superconductors, no matter how large the Ginzburg-Landau (GL) parameter κ is;
this holds at least in the framework of conventional BCS theory. In a thin superconducting layer of thickness d < ξ 0 , on the other hand, the orbital critical field H c (d) is increased by a factor of ξ 0 /d and the corresponding ratio is given by
In comparison to Eq. (1) a small transverse dimension d ≪ ξ 0 of the film suppresses the orbital effect and enlarges the spin effect drastically. However, equation (2) also shows, that the critical thickness which separates the spin pair-breaking and orbital pair-breaking dominated regimes is still of the order of an atomic distance. Thus, the estimate (2), which is confirmed by more quantitative calculations to be presented below, indicates that a nearly perfect two-dimensional situation is required in order to justify the neglect of orbital pair breaking contribution in clean superconductors. (The situation in dirty superconductors is much more favorable for the spin effect; the FFLO state, however, is suppressed by impurities).
The simultaneous action of both types of pair breaking has already been studied for a particular situation, an infinitely thin superconducting film in a tilted magnetic field 15, 11, 16 .
In such a configuration, orbital pair breaking is entirely due to the perpendicular field component, while the component parallel to the film is exclusively responsible for the spin 
II. BASIC EQUATIONS
We first calculate the highest field where a superconducting solution of the quasiclassical equations, for small order parameter ∆, exists in a thin film. This field may correspond to a second order phase transition or to the supercooling limit of the normal conducting state; to make a decision between these two possibilities the free energy of the competing homogeneous superconducting state will be calculated in a second step.
A. Stability limit of normal conducting state
Let the film be parallel to the xy plane with a finite extension from −d/2 to +d/2 in the z−direction. The applied magnetic field B is assumed to be parallel to the plane of the film and parallel to the y−direction, B = B e y . The transport equations, linearized in ∆, are given by
Here, the Zeeman term µB occurs in the combination ω s = ω l −ıµB, where ω l = (2l+1)πk B T are Matsubara frequencies, µ ≃h|e|/(2mc) is the magnetic moment of the electron and B is the magnitude of the induction. The self-consistency equation for the gap is given by
where N D is the cutoff index for the Matsubara sums. The Fermi velocity is given by v F (k) = v F ( e x cos ϕ + e y sin ϕ) = v Fk ; the integral in Eq. (5) over the cylindrical Fermi surface is simply a one-dimensional integral over the angle variable ϕ. We allow for a separable gap
, which will be specialized later to swave and d-wave superconductivity. We use the following gauge for the vector potential:
A x = Bz, and A y = A z = 0.
The standard method to solve the linearized transport equations uses a complete set of eigenfunctions of the operatork ∂ r to construct the inverse of the differential operators on the l.h.s. of Eqs. (3), (4) . Here, ∂ r is an abbreviation for the gauge-invariant derivative,
For a cylindrical Fermi surface,k ∂ r contains no derivative with respect to z and the Green's functions depend on z in a purely local way (z playing the role of a parameter). This allows a straightforward generalization of the standard method to the present problem.
Let us start from the well-known bulk solution of eqs. (3), (4) . If the eigenfunctions and eigenvalues of the operatork ∂ r for an infinite sample are denoted by fk p and ık p respectively,
then the solution of Eq. (3) is given by
where the spatial integration extends over all space. In the chosen gauge the solutions of Eq. (6) are given by
with the abbreviation κ = 2|e| hc B. Using the completeness of the set of eigenfunctions (8) the Green's functions may immediately be written in the form of Eq. (7).
To transform relation (7) to a finite volume, it is, in our case, only necessary to restrict the spatial integration in Eq. (7) to the film volume, i.e. to perform the integration over z 1 from −d/2 to +d/2. This simple method works only for a cylindrical Fermi surface, where the momentum of the quasiparticles is always parallel to the film boundaries. Otherwise, quasiparticle scattering at the film boundaries leads, for small d < ξ 0 , to a modification of the integral kernel which has to be calculated by solving Eq. (6) in a finite volume, with appropriate boundary conditions.
To proceed, the denominator of the integrand in Eq. (7) is shifted into an argument of an exponential function by means of the identity
integral with regard to the variables p, r, and t over an exponential function. Two of these integrations can be performed analytically and the Green's function takes the form
For d < ξ the order parameter may be considered as z-independent and the Greens's function f ( r,k, ω s ) may be replaced by its value f (r,k, ω s ) which depends only on x and y and denotes the average of f ( r,k, ω s ), with respect to z, from −d/2 to +d/2:
The rest of the calculation is a straightforward generalization of methods developed in previous works 8, 11 . It is convenient to perform the following shift in the argument of the space-dependent part of the gap:
tv Fk ∂r ∆(r).
Inserting the Green's function solutions in the self-consistency equation for the gap (5) and performing the Matsubara sum yields the linearized gap equation
which has to be solved in order to find the magnetic field where the normal-conducting state breaks down. The operator∇ used in Eq. (13) acts in the x, y-plane. Eq. (13) differs from previous results 11 by a d-dependent factor which reduces to 1 in the limit d → 0. For d-wave superconductivity the finite thickness of the film breaks rotational invariance; if Φ is the angle between the magnetic field and the y−axis of the crystal, the following replacement has to be performed in the integrand of Eq. (13):
in order to take the angle dependence of the external field into account.
To proceed further, the gap ∆ is assumed to be proportional to plane wave states e ıqr .
Solving the linearized gap equation (13), with∇ replaced by ıq, for different wave numberŝ q, one obtains a function B(q). The field we are looking for, where the normal conducting state breaks down -and the corresponding wave number -is given by the highest B(q).
Eq. (13) 
Eq. (15) 
into the free energy difference For the present circular Fermi surface, the determination of the 'homogeneous states' in a film of finite thickness d is still a local problem despite the nontrivial z−dependence appearing in the transport equations. The assumption of a gap which depends weakly on the z− coordinate leads, in analogy to the reasoning of the last subsection, to the following relation between the averaged Green's functionsf ,ḡ and the gap ∆:
where
Note, that orbital pair-breaking leads to a dependence of the Green's functions on the quasiparticle wave numberk. Using Eq. (18) the self-consistency relation for the gap takes the form
and the free energy difference is given by
where the factor
The factor β(ϕ) is 1 for s-wave and 1 + cos(4ϕ) for d-wave superconductivity. Eqs. (20) , (21) are essentially of the same (local) form as Eqs. (16) (21) the influence of a finite orbital pair breaking contribution, due to a nonzero film thickness d, on the three transition lines can be studied.
III. RESULTS AND DISCUSSION
In this section we discuss the following four transition lines, defined in more detail in the last section: (1) the line B c where the free energies of the homogeneous superconducting and normal-conducting states coincide, (2) the superheating limit B sh of the homogeneous superconducting state, (3) the supercooling limit (stability limit) of the normal-conducting state against spatially homogeneous superconducting fluctuations, which is denoted by B sc , and (4) As a starting point, we show in Fig. 2 The first possibility is, that the two superconducting layers decouple at low T , below some crossover temperature T * . As is well known, the orbital critical field of weakly coupled layers diverges 23 below some crossover temperature T * , which means that paramagnetic pairbreaking is the only remaining mechanism to limit the superconducting state. This requires a two-dimensional, in-plane mechanism of superconductivity. The amount of orbital pairbreaking would be negligibly small in this case and the superconducting state below the critical field should be the FFLO state.
The second possibility is that the superconducting state keeps its finite extension for 
